The resonance frequency of an optical whispering gallery mode (WGM) microcavity is extremely important in its various applications. Many efforts have been made to fine tune this parameter. Here, we report the design and implementation of a function resonance tuner of an optical microcavity with resolution about 650 kHz (7 pm @ 1450 nm band), 20% of the optical WGM linewidth. A piezoelectric nano-positioner is used to mechanically compress the microsphere in its axial direction. The ultrafine frequency tuning is achieved benefitting from the much less changes in the axial direction than equatorial semiaxes of the microsphere and the sub-nanometer resolution of the nano-positioner. The tuning of the resonance can be made to an arbitrary function, dynamically, with near perfect accuracy. We have demonstrated the periodically tuning of resonance in the sine and sigmoid function respectively, both with over 99% fitting accuracy. This work expands the application of microresonators greatly, especially microspheres with ultrahigh quality factor, in multi-mode coupling system or time-floquet system.
I. INTRODUCTION
Whispering gallery mode (WGM) microcavities, with ultrahigh quality factor (Q) and small mode volume [1] , have shown tremendous applications in modern physics, such as optical sensing [2] [3] [4] [5] [6] , cavity QED [7] [8] [9] , nonlinear optics [10, 11] and optical information processing [12] [13] [14] [15] [16] [17] [18] [19] . Silica WGM microcavities, such as microspheres [20] [21] [22] , microrings [23] and microbubbles [24, 25] , are good platforms to generate strong light-matter interaction. Among them, the microsphere has higher quality factor and it is easier to be fabricated. However, the optical resonance frequency is fixed by the fabrication process, which is not favourable in applications. Actually, it is vital to tune the microcavity resonance frequency to match between multiple coupling systems, such as chiral atom-light interaction [26] and electromagnetically induced transparency (EIT) experiments [27, 28] . Due to the ultrahigh quality factor of WGM, matching the resonance frequencies with ultrafine resolution is also required. In other experiments like time-floquet modulation [29] , it is a key issue to tune the system parameters periodically. Owing to all of these requirements, periodically tuning the optical resonance of microspheres with ultrahigh resolution becomes an essential technique.
Significant methods have been proposed to match resonance frequencies and periodically tune the frequency. For example, the temperature tuning method has been used to couple the nitrogen vacancy centers with a microsphere [30] and to observe the EIT-like phenomenon in two or more coupled WGM resonators system [27, 31] , which is an easy and effective approach to adjust the resonance. Aerostatic pressure could also tune the frequency of microcavities, especially microbubble [32, 33] . By adjusting the air pressure in mi-crobubble, the geometry and the refractive index can be modified, and the optical modes will be redshifted or blueshifted. However, the tuning resolution of these methods are not high enough for experiments with ultrahigh Q microcavities and the heating or cooling of microcavities is a process with relatively long relaxation time, which is not suitable for real-time tuning experiments. Mechanical strain tuning is another technique to shift the resonance frequency of microcavities [34] [35] [36] [37] . A deformed double-stemmed microsphere was used in these experiments, and the resonance frequency was tuned by stretching the stems with piezo-driven nano-positioner. This method can effectively tune the resonance over a free spectral range, but the tuning of optical WGM resonance frequency below 1 MHz has not been reported. In this paper, we established an arbitrary function resonance tuner of the microsphere (AFRETOM) with kHz resolution based on mechanical strain tuning. Meanwhile, the nonlinear tuning of the resonance frequency as a sine wave or a sigmoid function with ultrahigh precision was first reported. Microspheres fused from single mode fiber, with quality factor around 0.44 × 10 8 to 0.65 × 10 8 were used in our experiment, and a piezoelectric nano-positioner was applied to compress the microsphere in the axial direction. Due to the high precision of the nano-positioner with sub-nanometer movement per step, we tuned the resonance frequency with resolution about 650 kHz in 1450 nm wave band, 20 % of the WGM linewidth, i.e. 7 pm in wavelength change. We also demonstrated that the tuning of frequency depends linearly on the displacement of the nano-positioner, and we successfully shifted the resonance frequency with sine and sigmoid waves periodically with above 99 % accuracy. Our work provides an alternative way for improving the experimental feasibility of studying complicated multi-modes system with ultrahigh quality factor, such as optical wavelength conversion [38] [39] [40] .
II. RESULTS
For a microsphere with radius R, the resonance of its WGM is approximated by ν = mc/(2πnR), where m and n are the mode number and refraction index, respectively. For a certain WGM with fixed mode number m, the resonance frequency could be red-tuned (or blue-tuned) by increasing (or decreasing) the radius R. In our experimental setup , a piezoelectric nano-positioner (model ANPZ101, Attocube) was installed in front of the microsphere with distance around nanometers , as shown in Fig. 1 . The nano-positioner could move back and forth under the control of input voltage provided by the Attocube controller. Once the nano-positioner touches the microsphere, the radius of microsphere will be changed correspondingly, so will the resonance frequency. Here a tunable laser with wave length λ = 1450 nm and linewidth less than 200 kHz was utilized as the probe light. The laser is coupled into and out of the microsphere by a single-mode optical tapered fiber with diameter around 1 µm. The output signal is received by a photodetector and transferred to an oscilloscope. In our system, an Electro-Optic Modulator (EOM) is used to measure the resonance shift. For all of our measurements, the probe laser power is as weak as 0.88 µW, in order to avoid the thermal broadening of the Lorentz lineshape transmission spectrum and the thermal drift of resonant frequency caused by a high power scanning laser, which will introduce errors into the measurement of the resonance frequency shift.
The microspheres are fabricated from a single mode fiber. Since there is a strong absorption line of 10.6 um laser for silica material, one end of the silica fiber could be exposed in a low-power CO 2 laser, and melt under high temperature. With the surface tension, the melted silica will form a nearly perfect sphere at that end of fiber. For this kind microsphere, the quality factor is about 0.63 × 10 8 , which is high enough for various experiments.
A. The repeatability and precision of the frequency tuning
We periodically tuned the optical resonance of microspheres by applying a triangular waveform to the Attocube controller, for the potential application of microspheres in time-floquet system. What's more, the repeatable tuning is also necessary for experiments that need to be done multiply times for a certain microcavity. In order to measure the asymmetry of frequency tuning during compression and release, four working voltage ranges were chosen as V m = 3.5 V, 1.8 V, 0.9 V and 0.45 V with steps V s = 0.5 V, 0.2 V, 0.1 V and 0.05 V per second, respectively. Taking Fig. 2(a) for example, first we increased the working voltage to 3.5 V in 7 s, and the resonance frequency would be red-tuned with speed of v r . v b is the blue tuning speed of the resonance when we decreased the working voltage in the next 7 s. We supposed that the laser shift was constant during this measurement, so we also measured the speed of laser shift v l just before we applied any working voltage to the nano-positioner. Considering the laser shift, we modified the tuning speeds to v R = v r − v l and v B = v b + v l for red and blue tuning respectively. Here we define the forward-backward asymmetry as
which means that we can entirely repeat the same tuning process if A F B = 0. The asymmetry in our experiment is caused by two factors. First, laser drifting with random noise, which is inevitable in our experiment. The A F will increase with smaller step V s , especially when the frequency tuning of one step is comparable to the laser drifting. Second, about 5 % forward/backward step asymmetry of the nano-positioner. Besides the single period behaviour, we also measured the frequency tuning for 8 periods [See Fig. 2(e) ]. The tuning speed v R and v B are almost constant during these 8 periods, with standard deviation σ = 0.15 [See Fig. 2(f) ], which shows that our method is a good way to achieve high precision periodic frequency tuning. In order to reveal the relationship between the tuning speed and the size of the microsphere, we also studied another two spheres with R = 92.66 µm and 118.34 µm. By applying different steps of working voltage, we can find the different frequency tuning response for each one. The experiment result [see Fig. 3 ] shows that, with the same working voltage step, the resonance frequency tuning is finer for a bigger sphere. In this work we achieved a 650 kHz frequency tuning for a microsphere with R = 118.34 µm, which is far more precise than previous work [34, 41] .
B. Maximum shift of resonance frequency
The maximum shift of the resonance frequency and the change of quality factor are two important indicators for our method. To ensure that the performance of the microsphere does not change too much, the quality factor should be kept as stable as possible. We studied the quality factor change first, The radius of the silica fused microsphere was 103.50 µm. The nano-positioner was placed in front of the microsphere without touching it. By increasing the working voltage, the nano-positioner would move closer to the microsphere and touch it finally. In this measurement, the working voltage was increased from 0 V to maximum value V m = 3.8 V with a step of V s = 0.2 V per two seconds and then decreased to 0 V with the same speed. As shown in Fig. 4 , we measured both the quality factor change and the frequency shift. The working voltage was 1.2 V at 12 s which is high enough for the nanopositioner to touch the microsphere. With the nano-positioner moving further, the microsphere will be squeezed with nanometer scale and the resonance will be tuned correspondingly [see gray part in Fig. 4 ]. In our experiment, the microsphere was fixed on a stage and stuck out about 1 mm. After the nano-positioner touched the microsphere, the direction of the fiber would slightly deviate from its original position, which would make the taper under-coupled or over-coupled with the microsphere. Since the mode volume of the WGM was constrained in the equator of the microsphere, which was far away from the touch point, the main reason for the drop of the Q would be the offset of the taper direction. The quality factor would have a 12.7 % drop from 0.63 × 10 8 to 0.55 × 10 8 , as shown in Fig. 4 .
In this experiment, we used another nano-positioner to adjust the position of the tapered fiber, which can recouple the taper with the microsphere without changing the resonance of the sphere. With the help of this extra nano-positioner, we can measure the maximum frequency shift of the microsphere. In Fig. 5 , we kept increasing the working voltage range from 0 V to 13.7 V, and achieved a 385.3 MHz shift compared to its original resonance frequency. By adjusting the tapered fiber while squeezing the microsphere, the Q could keep almost constant, which were (0.5, 0.61, 0.49 and 0.56) ×10 
III. DISCUSSION AND CONCLUSION
In this strain tuning scheme, the frequency shift is induced by the geometry and the refractive index change of the microsphere cavity. The relation between them can be approximately described as
As shown in previous study, the effect of geometry change ∆R/R is much bigger than the index change [37] , so we can ignore the frequency shift induced by the index change. Because of the high precision nano-positioner, the deformation of the microsphere along the axial direction is around nanometer, much less than the size of the sphere. The change of the equatorial semiaxes ∆R can be approximated as ∆R = µ∆R a , where µ is the Poission ratio of silica and ∆R a is the change of the axial semiaxes R a . Taking red tuning for example, the frequency shift per step can be written as
where α = ∆R a /V s is the piezoelectric strain constant of the nano-positioner. Here we can obtain that ∆ν ∝ V s /R, so it is straightforward to improve the frequency tuning resolution by adopting a bigger microsphere or using a higher precision nano-positioner. In this paper, we obtained an ultrahigh resolution frequency tuning with ∆ν = 650 kHz, which is less Up to now, all the working voltage that we adopt is changed linearly and the resonance frequencies are also tuned linearly. However, it is important and useful to tune the frequency nonlinearly. Combined with the high precise periodic tuning, we can easily achieve frequency time-periodic modulation, which is the key point in time-floquet system. Here we control the resonance tuning as a sine function. Because of the linear re-lationship between the working voltage of the nano-positioner and the frequency shift of the microsphere, we just need to add a sine signal voltage to the nano-positioner. According to Eq. 3, the resonance of WGM can be written as
where F is an arbitrary continuous function, and V is the working voltage. Furthermore, we tuned the resonance as a sigmoid function S, a vital activation function in neural network [42] of machine learning, due to the linear relationship in Eq. 3.
We represent in Fig. 6 the tuning of the WGM resonance frequency shift with the evolution of time in the first period. The two different kinds of frequency shifts here are nearly perfectly matched with the corresponding function shapes, with Pearson correlation coefficient ρ of 99.98 % and 99.96 % respectively. By adjusting the amplitude of the working voltage, the amplitude of the frequency shift can also be easily tuned to anywhere within the tolerance. With the help of such a high precise functional control, the frequency can be tuned as any continuous wave. Because of the linear relationship between the frequency shift and the nano-positioner working voltage in Eq. 3 (also shown in Fig. 2) , the excellent periodically frequency tuning as well as a sine or a sigmoid function tuning could be achieved.
In this paper, 650 kHz resolution of WGM resonance tuning has been achieved, much better than previous works. Furthermore, a sine wave and sigmoid function resonance tuning with 99% accuracy have also been successfully accomplished. This ultrahigh resolution and ultrahigh precise AFRETOM make it much easier to do frequency matching of WGM with ultrahigh quality factor and also pave the way for time-floquet tuning experiment in cavity QED experiments.
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